$F$-pure homomorphisms, strong $F$-regularity, and $F$-injectivity by Hashimoto, Mitsuyasu
ar
X
iv
:0
90
8.
27
03
v3
  [
ma
th.
AC
]  
24
 N
ov
 20
10 F -pure homomorphisms, strong F -regularity,
and F -injectivity
Mitsuyasu Hashimoto
Graduate School of Mathematics, Nagoya University
Chikusa-ku, Nagoya 464–8602 JAPAN
hasimoto@math.nagoya-u.ac.jp
Abstract
We discuss Matijevic–Roberts type theorem on strong F -regularity,
F -purity, and Cohen–Macaulay F -injective (CMFI for short) property.
Related to this problem, we also discuss the base change problem and
the openness of loci of these properties. In particular, we define the
notion of F -purity of homomorphisms using Radu–Andre´ homomor-
phisms, and prove basic properties of it. We also discuss a strong
version of strong F -regularity (very strong F -regularity), and com-
pare these two versions of strong F -regularity. As a result, strong
F -regularity and very strong F -regularity agree for local rings, F -
finite rings, and essentially finite-type algebras over an excellent local
rings. We prove the F -pure base change of strong F -regularity.
1. Introduction
Throughout this article, p denotes a prime number.
The main objective of this paper is to prove Matijevic–Roberts type
theorem on strong F -regularity, F -purity, and Cohen–Macaulay F -injective
(CMFI, for short) properties. F -purity was defined and discussed by M. Hochster
Key words: F -pure, strongly F -regular, F -injective. 2010 Mathematics Subject Clas-
sification. Primary 13A35; Secondary 14L30.
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and J. Roberts in 1970’s [21], [22]. It turned out that the F -purity is deeply
connected with the notion of log canonical singularities [30]. Strong F -
regularity was defined by Hochster and Huneke [18] for F -finite rings. F -
injectivity was first defined by Fedder [8]. Recently, Schwede [28] proved that
singularities of dense F -injective type in characteristic zero are Du Bois.
We prove
Theorem 5.2 Let y be a point of X , and Y the integral closed subscheme
of X whose generic point is y. Let η be the generic point of an irreducible
component of Y ∗, where Y ∗ is the smallest G-stable closed subscheme of X
containing Y . Assume either that the second projection p2 : G×X → X is
smooth, or that S = Spec k with k a perfect field and G is of finite type over
S. Assume that OX,η is of characteristic p. Then OX,y is of characteristic p.
Moreover,
1 If OX,η is F -pure, then OX,y is F -pure.
2 IfOX,η is excellent and strongly F -regular, then OX,y is strongly F -regular.
3 If OX,η is CMFI, then OX,y is CMFI.
Matijevic–Roberts type theorems were originally conjectured and proved
for graded rings, see the introduction of [13] for a short history. In [13],
roughly speaking, it is proved that if a ring theoretic property P enjoys
‘smooth base change’ and ‘flat descent,’ then Matijevic–Roberts type the-
orem for P under the action of a smooth group scheme holds. Applying
this principle, Matijevic–Roberts type theorems for (weak) F -regularity and
F -rationality were proved in [13].
Smooth base change of F -purity is not so difficult. In order to discuss
this problem, we define the notion of F -purity of homomorphism between
(noetherian) commutative rings of characteristic p. We use Radu–Andre´
homomorphism to do so. This map is used to characterize the regularity
of homomorphism between noetherian commutative rings of characteristic p.
Radu [27] and Andre´ [2] proved that a homomorphism f : A → B between
noetherian commutative rings of characteristic p is regular (i.e., flat with
geometrically regular fibers) if and only if the Radu–Andre´ homomorphism
Φe(A,B) : B
(e)⊗A(e)A→ B given by Φe(A,B)(b
(e)⊗a) = bp
e
a is flat for some
(or equivalently, any) e > 0. After that, the Radu–Andre´ homomorphisms
were used to study the reducedness of homomorphisms by Dumitrescu, and
Cohen–Macaulay F -injective property by Enescu [6] and the author [11].
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In this article, we define a homomorphism f : A→ B between commuta-
tive rings of characteristic p is F -pure if Φe(A,B) is pure for any e > 0. This
property behaves well under composition, localization, and base change, and
this notion is a canonical generalization of the notion of F -purity of a ring.
Many properties of rings are promoted to properties of homomorphisms,
using the properties of (geometric) fibers. For example, Grothendieck [10,
(6.8.1)] defined that a ring homomorphism f : A → B is Cohen–Macaulay
if f is flat with Cohen–Macaulay fibers. However, it seems that it is not
appropriate to define an F -pure homomorphism to be a flat homomorphism
with geometrically F -pure fibers, because Singh [29] constructed an example
of homomorphism f : A → B of noetherian rings of characteristic p such
that A is a DVR (in particular, F -pure), f is flat with geometrically F -pure
fibers, but B is not F -pure.
We also define the notion corresponding to the reduced property. We say
that a homomorphism f : A → B between commutative rings of character-
istic p is Dumitrescu if Φe(A,B) is A-pure for any e > 0, see (2.7).
Dumitrescu proved that if f : A → B is a flat homomorphism between
noetherian rings of characteristic p, then f is Dumitrescu if and only if f is
a reduced homomorphism (that is, a flat homomorphism with geometrically
reduced fibers).
It is natural to ask whether a Dumitrescu homomorphism is flat. We prove
that if A is regular, then a Dumitrescu homomorphism between noetherian
commutative rings of characteristic p f : A → B is flat. A homomorphism
f : A→ B is said to be almost quasi-finite if f has finite fibers. We prove that
an almost quasi-finite Dumitrescu homomorphism is flat (Theorem 2.19).
In the late 1980’s, Hochster and Huneke defined F -regularity using tight
closure [19]. They also defined strong F -regularity using Frobenius splittings
for F -finite rings of characteristic p [18]. Hochster and Huneke defined the
strong F -regularity for non-F -finite homomorphisms [20, (5.3)]. Recently,
Hochster [17] gave another definition of strong F -regularity. In this paper,
we call Hochster–Huneke’s definition the very strong F -regularity (Defini-
tion 3.4), and Hochster’s definition the strong F -regularity. We compare
these two definitions. Obviously, very strong F -regularity implies the strong
F -regularity. They agree for local rings, F -finite rings, and essentially finite-
type algebras over excellent local rings. We give a sufficient condition for the
strong F -regular locus to be open (Proposition 3.33). We prove the F -pure
base change of the strong F -regularity (Theorem 3.37).
We also discuss some basic properties of Cohen–Macaulay F -injectivity.
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The base change of F -injectivity was first proved by Aberbach–Enescu [1],
see [7]. We give another proof using Radu–Andre´ homomorphism (Proposi-
tion 4.16). This is a slight modification of Enescu’s base change theorem on
F -rationality [6]. We also prove the openness of CMFI locus (Corollary 4.18).
In section 2, we discuss F -purity of homomorphisms. In section 3, we
prove basic properties of strong F -regularity and very strong F -regularity,
and prove the F -pure base change of strong F -regularity. In section 4, we
discuss some properties of Cohen–Macaulay F -injectivity. In section 5, we
prove Matijevic–Roberts type theorem for F -purity, strong F -regularity, and
CMFI property.
The author thanks Professor K.-i. Watanabe for communicating the au-
thor with his result (see Remark 2.20). Special thanks are also due to Profes-
sor A. Singh and Professor K.-i. Yoshida for valuable advice. The author is
grateful to Professor K. Schwede and Professor F. Enescu for giving valuable
comments to the former version of this paper.
2. F -pure homomorphism
(2.1) Let p be a prime number. Let k be a perfect field of characteristic
p. For a k-algebra A of k and r ∈ Z, we define a new k-algebra A(r) as
follows. A(r) as a ring is A, and the structure map of A(r) as a k-algebra is
the composite
k
F−r
k−−→ k
ϕ
−→ A,
where ϕ is the original structure map of the k-algebra A, and F−rk (α) = α
p−r
for α ∈ k. The element a ∈ A, viewed as an element of A(r), is denoted
by a(r). Note that for e ≥ 0, the eth Frobenius map F e : A(e+r) → A(r)
given by F e(a(e+r)) = (ap
e
)(r) is a k-algebra map. This notation is consistent
with that of Frobenius twisting in representation theory [23, (I.9.10)]. Note
that A(−r) is also written as rA, A(r), A(p
r), or Ap
−r
by some authors. For an
A-module M , the module M viewed as an A(r)-module (because A(r) = A
as a ring) is denoted by M (r). An element m ∈ M viewed as an element of
M (r) is denoted by m(r). If e ≥ 0, then M (−e) is also an A-module through
FA : A→ A
(−e). The action of A on M (−e) is given by a ·m(−e) = (ap
e
m)(−e).
For a k-algebra map f : A→ B, the map f , viewed as a map A(r) → B(r)
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is denoted by f (r). Note that f (r) is a k-algebra map, and the diagram
A(e)
f(e) //
F e
A

B(e)
F e
B

A
f // B
is commutative for e ≥ 0. Thus, the eth Radu-Andre´ homomorphism
Φe(A,B) : B
(e) ⊗A(e) A→ B (b
(e) ⊗ a 7→ bp
e
(fa))
is induced. It is a k-algebra map for e ≥ 0. The (−e)-shift Φe(A,B)
(−e) :
B ⊗A A
(−e) → B(−e) is denoted by Ψe(A,B).
2.2 Lemma. Let A → B be a ring homomorphism, and ϕ : M → M ′ a B-
linear map between B-modules. Then ϕ is B-pure if and only if ϕm : Mm →
M ′m is Bm-pure for any maximal ideal m of A.
Proof. If W is a Bm-module, then 1W ⊗ ϕm : W ⊗Bm Mm → W ⊗Bm M
′
m is
identified with 1W ⊗ϕ : W ⊗B M → W ⊗BM
′. So the ‘only if’ part is clear.
We prove the ‘if’ part. LetN be any B-module, and letK := Ker(1N⊗ϕ).
Then
1Am ⊗ (1N ⊗ ϕ) : Am ⊗A (N ⊗B M)→ Am ⊗A (N ⊗B M)
is identified with
1Nm ⊗ ϕm : Nm ⊗Bm Mm → Nm ⊗Bm M
′
m.
So Km = 0 for any m, and thus K = 0 for any N . This shows that ϕ is
B-pure.
(2.3) Consider that k = Fp in (2.1). We say that a k-algebra map f : A→
B is F -pure if for any e ≥ 1, Φe(A,B) is a pure ring homomorphism.
2.4 Proposition. Let f : A→ B and g : B → C be Fp-algebra maps.
1 If f and g are F -pure homomorphisms, then so is gf .
2 If gf is F -pure and g is pure, then f is F -pure.
3 An Fp-algebra A is F -pure if and only if the unique map Fp → A is F -pure.
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4 If A is F -pure and f is an F -pure homomorphism, then B is F -pure.
5 A pure subring of an F -pure ring of characteristic p is again F -pure.
6 A regular homomorphism of noetherian rings of characteristic p is F -pure.
7 A base change of an F -pure ring homomorphism is again F -pure. Namely,
if f : A → B is an F -pure homomorphism, A′ an A-algebra, and
B′ := B ⊗A A
′, then f ⊗ 1 : A′ → B′ is F -pure.
8 If A→ A′ is a pure ring homomorphism and f ⊗ 1 : A′ → B′ := B ⊗A A
′
is F -pure, then f is F -pure.
9 The following are equivalent.
(i) f is F -pure.
(ii) For any prime ideal p of A, fp : Ap → Bp is F -pure.
(iii) For any maximal ideal m of A, fm : Am → Bm is F -pure.
(iv) For any prime ideal q of B, A→ Bq is F -pure.
(v) For any maximal ideal n of B, A→ Bn is F -pure.
(vi) For any prime ideal q of B, Ap → Bq is F -pure, where p := q∩A.
(vii) For any maximal ideal n of B, Ap → Bn is F -pure, where p :=
n ∩A.
Proof. 1 and 2 are obvious by [12, Lemma 4.1, 1]. 3 follows from [12,
Lemma 4.1, 5]. 4 follows immediately by 1 and 3. 5 follows immediately
by 2 and 3. 6 follows from a theorem of Radu [27] and Andre´ [2] which
states that a homomorphism of noetherian rings of characteristic p A → B
is regular if and only if there exists some e > 0 such that Φe(A,B) is flat
if and only if Φe(A,B) is faithfully flat for any e > 0, see also [4]. 7 and 8
follow easily from [12, Lemma 4.1, 4].
9 (ii)⇒(iii), (iv)⇒(v), and (vi)⇒(vii) are trivial. (i)⇒(ii) is a con-
sequence of 7. Φe(A,B) is pure if and only if Φe(A,B)m is pure for every
m ∈ Max(A) by Lemma 2.2, where Max(A) denotes the set of maximal ide-
als of A. Now (iii)⇒(i) follows from [12, Lemma 4.1, 4]. Applying [12,
Lemma 4.1, 1] to A → B and B → Bq, we have that Φe(A,B)q(e) is pure if
and only if Φe(A,Bq) is pure, since Φe(B,Bq) is an isomorphism. In view of
Lemma 2.2 again, this proves (i)⇒(iv) and (v)⇒(i). Combining (i)⇒(ii)
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and (i)⇒(iv), we get (i)⇒(vi) easily. We prove (vii)⇒(v). Applying [12,
Lemma 4.1, 1] to A → Ap and Ap → Bn, Φe(A,Bn) is pure if and only if
Φe(Ap, Bn) is pure, since Φe(A,Ap) is an isomorphism. The assertion is now
clear.
2.5 Lemma. Let f : A→ B be an Fp-algebra map.
1 If Φ1(A,B) is pure, then f is F -pure.
2 If Φe(A,B) is pure for some e > 0 and A is F -pure, then f is F -pure, and
B(e
′) ⊗A(e′) A is F -pure for any e
′ > 0.
3 If e > 0 and B(e) ⊗A(e) A is F -pure, then Φe(A,B) is pure. In particular,
if B(1) ⊗A(1) A is F -pure, then f is F -pure.
Proof. 1 is an immediate consequence of [12, Lemma 4.1, 2]. 2 f is F -pure
by 1 and [12, Lemma 4.1, 2]. So Φe′(A,B) is F -pure, and A is F -pure. Now
applying [12, Lemma 4.1, 7], we have that B(e
′)⊗A(e′) A is F -pure. 3 By [12,
Lemma 4.1, 7], Φe(A,B) is pure. The last assertion follows from 1.
2.6 Question. Is a homomorphism f : A→ B between noetherian rings of
characteristic p F -pure if Φe(A,B) is pure for some e > 0?
(2.7) We say that a ring homomorphism f : A → B between rings of
characteristic p is Dumitrescu if Φe(A,B) is pure as an A-linear map for
every e > 0. By definition, an F -pure homomorphism is Dumitrescu.
If Φ1(A,B) is A-pure, then f is Dumitrescu by [12, Lemma 4.1, 2].
Dumitrescu [5] proved that a flat ring homomorphism f : A→ B between
noetherian rings of characteristic p is Dumitrescu if and only if f is reduced,
that is, f is flat with geometrically reduced fibers.
2.8 Proposition. Let f : A→ B and g : B → C be Fp-algebra maps.
1 If f is F -pure and g is Dumitrescu, then gf is Dumitrescu.
1’ If f and g are Dumitrescu, and g is flat, then gf is Dumitrescu.
2 If gf is Dumitrescu and g is A-pure, then f is Dumitrescu.
3 An Fp-algebra A is reduced if and only if the unique map Fp → A is
Dumitrescu.
4 If A is F -pure and f is Dumitrescu, then B is reduced.
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5 A subring of a reduced ring (of characteristic p) is reduced.
6 A reduced homomorphism of noetherian rings of characteristic p is Du-
mitrescu.
7 A base change of a Dumitrescu homomorphism is again Dumitrescu. Namely,
if f : A → B is a Dumitrescu homomorphism, A′ an A-algebra, and
B′ := B ⊗A A
′, then f ⊗ 1 : A′ → B′ is Dumitrescu.
8 If A→ A′ is a pure ring homomorphism and f ⊗ 1 : A′ → B′ := B ⊗A A
′
is Dumitrescu, then f is Dumitrescu.
9 The following are equivalent.
(i) f is Dumitrescu.
(ii) For any prime ideal p of A, fp : Ap → Bp is Dumitrescu.
(iii) For any maximal ideal m of A, fm : Am → Bm is Dumitrescu.
(iv) For any prime ideal q of B, A→ Bq is Dumitrescu.
(v) For any maximal ideal n of B, A→ Bn is Dumitrescu.
(vi) For any prime ideal q of B, Ap → Bq is Dumitrescu, where p :=
q ∩ A.
(vii) For any maximal ideal n of B, Ap → Bn is Dumitrescu, where
p := n ∩ A.
Proof. Similar to Proposition 2.4.
2.9 Lemma. Let f : A→ B be an Fp-algebra map.
1 If Φ1(A,B) is A-pure, then f is Dumitrescu.
2 If Φe(A,B) is A-pure for some e > 0 and A is F -pure, then f is Du-
mitrescu, and B(e
′) ⊗A(e′) A is reduced for any e
′ > 0.
Proof. Similar to Lemma 2.5.
2.10 Question. Is an F -pure homomorphism between noetherian rings of
characteristic p flat? More generally, is a Dumitrescu homomorphism be-
tween noetherian rings of characteristic p flat?
8
2.11 Lemma. Let f : A → B be a ring homomorphism between rings of
characteristic p. Then for e ≥ 0, the composite
A ∼= A(e) ⊗A(e) A
f(e)⊗1
−−−−→ B(e) ⊗A(e) A
Φe(A,B)
−−−−−→ B
is f .
Proof. Clear.
2.12 Lemma. Let f : A → B be a ring homomorphism between rings of
characteristic p. Assume that A is noetherian, and the image of the associ-
ated map af : SpecB → SpecA contains Max(A), the set of maximal ideals
of A. If f is Dumitrescu, then f is pure.
Proof. We may assume that (A,m) is local. Let E be the injective hull of
the residue field A/m of A. Set En := 0 :E m
n. Let An := A/m
n and
Bn := An ⊗A B.
It suffices to show that fn : An → Bn is pure. Indeed, if so, En =
En ⊗A A → En ⊗A B is injective, and hence taking the inductive limit,
E = E ⊗A A→ E ⊗A B is injective, and hence f is pure, see [21].
So we may and shall assume that (A,m) is artinian local. Take e > 0
sufficiently large so that m[p
e] = 0. Namely, ap
e
= 0 for every a ∈ m. Then
the Frobenius map F e : A(e) → A factors through (A/m)(e). Thus
A = A(e) ⊗A(e) A
f(e)⊗1
−−−−→ B(e) ⊗A(e) A
is identified with the map
A = (A/m)(e) ⊗(A/m)(e) A
f
(e)
1 ⊗1−−−−→ (B/mB)(e) ⊗(A/m)(e) A.
Since B/mB 6= 0, this map is faithfully flat and hence is pure.
By the assumption and Lemma 2.11, f is pure.
2.13 Corollary. A local homomorphism between noetherian local rings of
characteristic p is pure, if it is Dumitrescu.
2.14 Lemma. If f : A→ B is F -pure and B is noetherian, then B(e)⊗A(e)A
is noetherian for e ≥ 0.
Proof. This is because Φe(A,B) is pure.
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2.15 Lemma. Let K be a field of characteristic p, and B a K-algebra. Then
the following are equivalent.
1 K → B is F -pure, and B is noetherian.
2 For any e > 0, B ⊗K K
(−e) is noetherian and F -pure.
3 There exists some e > 0 such that B ⊗K K
(−e) is noetherian and F -pure.
4 B is noetherian, and B is geometrically F -pure over K, that is to say, for
any finite algebraic extension L of K, B ⊗K L is F -pure.
Proof. Note that (B⊗KK
(−e))(e) ∼= B(e)⊗K(e)K. 1⇒2 Let e > 0. B⊗KK
(−e)
is noetherian by Lemma 2.14. B ⊗K K
(−e) is F -pure by Lemma 2.5, 2.
2⇒3 is trivial.
3⇒1 As
B = B ⊗K K
1B⊗F
e
−−−−→ B ⊗K K
(−e)
is faithfully flat and B ⊗K K
(−e) is noetherian, B is noetherian. K → B is
F -pure by Lemma 2.5, 3.
1,2,3⇒4 B is noetherian, as assumed. As the field L is F -pure and
L→ B⊗KL is F -pure (as it is the base change of the F -pure homomorphism
K → B), B ⊗K L is also F -pure by Proposition 2.4, 4.
4⇒ 1 Let L be a finite extension field of K such that L ⊂ K(−1). Then
F : B(1) ⊗K(1) L
(1) → B ⊗K L is pure. As F factors through B, the map
B(1) ⊗K(1) L
(1) → B is pure. Taking the inductive limit on L, Φ1(K,B) :
B(1) ⊗K(1) K → B is also pure. So K → B is F -pure.
2.16 Corollary. If f : A→ B is F -pure homomorphism between noetherian
rings of characteristic p, then f has geometrically F -pure fibers. That is,
for any p ∈ SpecA and any finite algebraic extension L of κ(p), B ⊗A L is
F -pure.
2.17 Remark. The converse is not true in general. Indeed, a flat homomor-
phism with geometrically F -pure fibers need not be an F -pure homomor-
phism. Singh’s example [29, section 6] shows that for p > 2, there is an
example of a homomorphism f : A→ B such that A = Fp[t](t), f is flat with
geometrically F -pure fibers, but B is not F -pure. If f were F -pure, then B
must have been F -pure by Proposition 2.4, 4.
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(2.18) Let f : A → B be a homomorphism between noetherian rings.
We say that f is almost quasi-finite if for any P ∈ SpecA, κ(P ) ⊗A B
is module finite over κ(P ). A quasi-finite homomorphism (that is, finite-
type homomorphism with zero-dimensional fibers) is almost quasi-finite. A
localization A → AS is almost quasi-finite. A composite of almost quasi-
finite homomorphisms is almost quasi-finite. A base change of an almost
quasi-finite homomorphism is almost quasi-finite.
2.19 Theorem. Let f : A → B be an almost quasi-finite homomorphism
between noetherian rings of characteristic p. Then the following are equiva-
lent.
1 f is regular.
2 f is F -pure.
3 f is Dumitrescu.
Proof. Note that 1⇒2⇒3 is trivial. So it suffices to prove 3⇒1. Note that
each fiber κ(P )⊗A B is Dumitrescu over κ(P ) by Proposition 2.8, 7. So it
is geometrically reduced by Dumitrescu’s theorem [5]. As we assume that
κ(P ) ⊗A B is finite over κ(P ), we have that κ(P ) ⊗A B is e´tale over κ(P ).
So in order to prove 1, it suffices to prove that f is flat.
Thanks to Proposition 2.8, 9, we may assume that f : (A,m)→ (B, n) is
a local homomorphism between local rings. By the local criterion of flatness
((5)⇒(1) of [25, Theorem 22.3]) and Proposition 2.8, 7, we may assume that
A is artinian. Then B is module finite over A. It is easy to see that if
lA(B) ≥ lA(A)lA(B/mB), then f is flat by (4)⇒(1) of [25, Theorem 22.3],
where lA denotes the length as an A-module.
Take e > 0 sufficiently large so that m(e)A = 0, that is, for any x ∈ m,
xp
e
= 0. Then Φe(A,B) is identified with
(B/mB)(e) ⊗(A/m)(e) A→ B.
This map is an injective A-linear map with lA((B/mB)
(e) ⊗(A/m)(e) A) =
lA(A)lA(B/mB). So lA(B) ≥ lA(A)lA(B/mB), as desired.
2.20 Remark. Theorem 2.19 for the case that f : A→ B is a finite homomor-
phism between integral domains (the crucial case) is due to K.-i. Watanabe.
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2.21 Proposition. Let f : (A,m) → (B, n) be a local homomorphism be-
tween noetherian local rings of characteristic p, and t ∈ m. Assume that A
is normally flat along tA, A/tA is reduced, A/tA → B/tB is flat, and f is
Dumitrescu. Then f is flat.
Proof. It suffices to show that A/tnA → B/tnB is flat for all n ≥ 1. So
we may assume that tn = 0 for some n ≥ 1. We prove the assertion by
induction on n. If n = 1, then the assertion is assumed by the assumption
of the proposition.
So we consider the case that n ≥ 2. It suffices to show that the canonical
map
γi : B/tB ⊗A/tA (t
iA/ti+1A)→ tiB/ti+1B b¯⊗ tia 7→ tiab
is injective for i = 1, . . . , n−1. This is true for i = 1, . . . , n−2, as A/tn−1A→
B/tn−1B is flat by induction assumption. So it suffices to show that γn−1 :
B/tB ⊗A/tA t
n−1A→ tn−1B is injective. Let x ∈ B be an element such that
x¯⊗tn−1 ∈ Ker γn−1, or equivalently, xt
n−1 = 0. Take e≫ 0 such that pe > n.
Obviously, we have xp
e
tn−1 = 0 in B. As
Φe(A,B) : (B/tB)
(e) ⊗(A/tA)(e) A
∼= B(e) ⊗A(e) A→ B
is injective, x¯(e)⊗tn−1 = 0 in (B/tB)(e)⊗(A/tA)(e)A. As (B/tB)
(e) is (A/tA)(e)-
flat, x¯(e) ⊗ tn−1 = 0 in (B/tB)(e) ⊗(A/tA)(e) t
n−1A. Since tn−1A is a rank-one
free A/tA-module with tn−1 its basis, x¯(e) ⊗ 1 ∈ (B/tB)(e) ⊗(A/tA)(e) A/tA is
zero. As A/tA is reduced, (A/tA)(e) → A/tA is injective. So (B/tB)(e) →
(B/tB)(e) ⊗(A/tA)(e) A/tA is injective. Hence x¯
(e) = 0 in (B/tB)(e). So x¯ = 0
in B/tB. This shows that x¯⊗ tn−1 = 0 in B/tB ⊗A/tA t
n−1A, and thus γn−1
is injective, as desired.
2.22 Corollary. Let f : (A,m) → (B, n) be a Dumitrescu local homomor-
phism between noetherian local rings of characteristic p. If t ∈ m is a nonze-
rodivisor, A/tA is reduced, and B/tB is A/tA-flat, then B is A-flat.
2.23 Corollary. Let f : (A,m) → (B, n) be a Dumitrescu local homomor-
phism between noetherian local rings of characteristic p. If A is regular, then
f is flat.
Proof. We prove this by induction on dimA. If dimA = 0, then A is a field,
and f is flat.
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Next consider the case dimA > 0. Then take t ∈ m \ m2. Then t is
a nonzerodivisor, A/tA is regular, and A/tA → B/tB is flat by induction
assumption. By Corollary 2.22, f is flat.
3. Strong F -regularity
(3.1) For a ring R, we define R◦ := R \
⋃
P∈MinR P , where MinR denotes
the set of minimal primes of R. Let R be a ring of characteristic p. Let M
be an R-module, and N its submodule. We define
ClR(N,M) = N
∗
M := {x ∈M | ∃c ∈ R
◦ ∃e0 ≥ 1
∀e ≥ e0 x⊗ c
(−e) ∈M/N ⊗R R
(−e) is zero},
and call it the tight closure of N in M . Note that ClR(N,M) is an R-
submodule of M containing N [19, section 8].
3.2 Lemma. Let R be a noetherian commutative ring of characteristic p,
and S a multiplicatively closed subset of R. Let M be an RS-module, and N
its RS-submodule. Then ClR(N,M) = ClRS(N,M).
Proof. Note that
x ∈ ClR(N,M) ⇐⇒ ∃c ∈ R
◦ ∃q′ ∀q ≥ q′ x⊗ c(−e) ∈
Ker(M ⊗R R
(−e) →M/N ⊗R R
(−e)) =: N [q]
and that
x ∈ ClRS(N,M) ⇐⇒ ∃c ∈ R
◦
S ∃q
′ ∀q ≥ q′ x⊗ c(−e) ∈
Ker(M ⊗RS R
(−e)
S →M/N ⊗RS R
(−e)
S ) = N
[q],
where q = pe and q′ denote some power of p. If c ∈ R◦, then c/1 ∈ R◦S. So
ClR(N,M) ⊂ ClRS(N,M).
Let c ∈ R, c/1 ∈ R◦S, and assume that there exists some q
′ such that for all
q ≥ q′, x⊗c(−e) ∈ N [q]. Take δ ∈ R such that for any P ∈ MinR, δ ∈ P if and
only if c /∈ P . Then δ/1 is nilpotent in RS. Replacing δ by its some power,
we may assume that δ/1 = 0 in RS. Then x⊗(c+δ)
(−e) ∈ N [q] for q ≥ q′ and
c+δ ∈ R◦. Hence x ∈ ClR(N,M). This shows ClR(N,M) ⊃ ClRS(N,M).
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3.3 Definition (Hochster [17, p. 166]). We say that a noetherian ring R of
characteristic p is strongly F -regular if ClR(N,M) = N for any R-module M
and any submodule N of M .
3.4 Definition (cf. [20, (5.3)]). We say that a noetherian ring R of charac-
teristic p is very strongly F -regular if for any c ∈ R◦ there exists some e > 0
such that the map c(−e)F e : R→ R(−e) (x 7→ (cxp
e
)(−e)) is R-pure.
3.5 Lemma. Let (R,m) be a local ring, and E be the injective hull of the
residue field. Let S be an R-module, and h : R → S be an R-linear map. If
1E ⊗ h : E → E ⊗R S is injective, then h is R-pure.
Proof. Exactly the same proof as [21, (6.11)] works.
3.6 Lemma. Let R be a noetherian ring of characteristic p. Then the fol-
lowing are equivalent.
1 R is strongly F -regular.
2 For any multiplicatively closed subset S of R, RS is strongly F -regular.
3 Rm is strongly F -regular for any m ∈ Max(R).
4 For any m ∈ Max(R), ClR(0, ER(R/m)) = 0.
5 For any m ∈ Max(R), ClRm(0, ERm(R/m)) = 0.
6 Rm is very strongly F -regular for any m ∈ Max(R).
Proof. 1⇒4, 2⇒3, and 3⇒5 are obvious. 1⇒2 and 4⇒5 follow from
Lemma 3.2.
We prove 5⇒6. We may assume that (R,m) is local. Let E = ER(R/m)
be the injective hull of the residue field. The kernel of the map
1E ⊗ FR : E → E ⊗R R
(−1) (x 7→ x⊗ 1)
is contained in ClR(0, E) = 0. Thus FR : R → R
(−1) is pure by [21, (6.11)].
In other words, R is F -pure.
Now let c ∈ R◦, and set Ke := Ker(1E ⊗ c
(−e)F e : E → E ⊗R R
(−e)),
where 1E ⊗ c
(−e)F e sends x to x⊗ c(−e). For e′ > e, we have a commutative
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diagram
(1) E
1E⊗c
(−e)F e //
1E⊗c
(−e′)F e
′

E ⊗R R
(−e)
1⊗F e
′
−e

E ⊗R R
(−e′)
1E⊗(c
pe
′
−e
−1)(−e
′)
// E ⊗R R
(−e′)
.
As 1⊗ F e
′−e is injective, we have
E ⊃ K1 ⊃ K2 ⊃ · · · .
AsE is an artinian module, there exists some e≫ 0 such thatKe =
⋂
e′ Ke′ ⊂
ClR(0, E) = 0. By Lemma 3.5, c
(−e)F e : R→ R(−e) is pure, as desired.
6⇒3Wemay assume that (R,m) is local. Considering the case that c = 1,
F e : R → R(−e) is pure for some e. Hence R is F -pure. Now let c ∈ R◦.
Then there exists some e > 0 such that c(−e)F e is R-pure. Considering the
commutative diagram (1), we have that c(−e
′)F e
′
is R-pure for e′ ≥ e.
Now let M be an R-module, N its submodule. Then 1M/N ⊗ c
(−e′)F e
′
:
M/N →M/N⊗RR
(−e′) is injective by the purity for e′ ≥ e. This shows that
ClR(N,M) = N .
3⇒1 Let M be an R-module and N its submodule. Let m ∈ Max(R).
Then
Nm ⊂ ClR(N,M)m ⊂ ClRm(Nm,Mm) = Nm.
Hence ClR(N,M)m = Nm for anym ∈ Max(R). This shows that ClR(N,M) =
N .
3.7 Corollary. A strongly F -regular noetherian ring of characteristic p is
F -regular. In particular, it is normal and F -pure.
Proof. By the definition of strong F -regularity, a strongly F -regular implies
weakly F -regular. By 1⇒2 of the lemma, it is also F -regular.
The normality assertion is a consequence of [20, (4.2)].
For the F -purity assertion, it suffices to point out that a weakly F -regular
noetherian ring R of characteristic p is F -pure [9, Remark 1.6]. Almost by
the definition of weak F -regularity, for any ideal I of R, 1⊗F : R/I⊗RR→
R/I ⊗R R
(−1) is injective. Thus FR : R→ R
(−1) is cyclically pure. But as R
is normal, it is approximately Gorenstein, and thus FR is pure [16].
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3.8 Lemma. If R is very strongly F -regular noetherian ring of characteristic
p, then RS is very strongly F -regular for any multiplicatively closed subset S
of R. In particular, a very strongly F -regular noetherian ring of characteristic
p is strongly F -regular.
Proof. Let c/s ∈ (RS)
◦, where c ∈ R and s ∈ S. Take δ ∈ R such that
δ ∈ P if and only if c /∈ P for P ∈ MinR. Replacing δ by its power, we may
assume that δ/1 = 0 in RS. Set d = c + δ. Then d
(−e)F e : R → R(−e) is
R-pure for some e ≥ 0. So d(−e)F e : RS → R
(−e)
S is RS-pure. It follows that
(c/s)(−e)F e : RS → R
(−e)
S is also RS-pure, since c/s = d/s. The last assertion
follows from Lemma 3.6.
3.9 Lemma. Let R be an F -finite noetherian ring of characteristic p. If R
is strongly F -regular, then it is very strongly F -regular.
Proof. Rm is very strongly F -regular for m ∈ MaxR by Lemma 3.6. Then by
[22, (5.2)], Rm is “strongly F -regular” in the sense of [18] for each m. By [18,
(3.1)], R is “strongly F -regular” in the sense of [18]. So R is very strongly
F -regular.
3.10 Lemma. Let R = R1 × R2 be a noetherian ring of characteristic p.
Then R is very strongly F -regular if and only if both R1 and R2 are.
Proof. If R is very strongly F -regular, then R1 and R2 are very strongly
F -regular, as R1 and R2 are localizations of R.
Conversely, let R1 and R2 be very strongly F -regular. Let e1 and e2 be
respectively the idempotents corresponding to R1 and R2. Let c ∈ R
◦. Then
cei ∈ R
◦
i , and hence there exist some ri (i = 1, 2) such that (cei)
(−ri)F ri :
Ri → R
(−ri)
i is Ri-pure for each i. As each Ri is F -pure, it is easy to see that
letting r = max(r1, r2), (cei)
(−r)F r : Ri → R
(−r)
i is Ri-pure for i = 1, 2. Then
c(−r)F r : R→ R(−r) is R-pure.
3.11 Lemma. Let R→ S be a ring homomorphism. Let S = S1 × · · · × Sr
be a finite direct product of integrally closed domains. Assume that for any
nonzerodivisor a of R, aS ∩R = aR. Then R is integrally closed in the total
quotient ring Q(R).
Proof. Let α = b/a be an element of Q(R), where a, b ∈ R with a a nonzero
divisor of R. Assume that α is integral over R.
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Let 1 ≤ i ≤ r. Consider the case that a is nonzero in Si. Then b/a makes
sense in the field of fractions Q(Si) of Si, and it is integral over Si. As Si is
integrally closed, b/a ∈ Si. Hence b ∈ aSi.
Next consider the case that a is zero in Si. Since b/a is integral over R
and a is a nonzerodivisor, there exists some n ≥ 1 such that bn ∈ aR. This
shows that bn = 0 in Si. As Si is a domain, b = 0 in Si. This shows that
b ∈ aSi.
As b ∈ aSi for any i, b ∈ aS ∩ R = aR. Hence α = b/a ∈ R, and R is
integrally closed in Q(R).
3.12 Corollary. Let S be a noetherian normal ring, and R its cyclically pure
subring. Then R is a noetherian normal ring, and hence R is a pure subring
of S.
Proof. If I1 ⊂ I2 ⊂ · · · is an ascending chain of ideals in R, then I1S ⊂
I2S ⊂ · · · is that of S, and hence INS = IN+1S = · · · for some N . Hence
INS ∩ R = IN+1S ∩ R = · · · . By cyclic purity, IN = IN+1 = · · · , and hence
R is noetherian.
As R is a subring of S, R is reduced. By Lemma 3.11, R is integrally
closed in Q(R). So R is a noetherian normal ring.
Hence R is approximately Gorenstein [16], and hence R is a pure subring
of S.
3.13 Corollary. Let S be a noetherian ring of characteristic p, and R is
cyclically pure subring of S. If S is weakly F -regular (resp. F -regular), then
so is R.
Proof. In any case, S is normal. So R is normal and pure in S. Now the
assertion follows from [14, (9.11)].
3.14 Lemma. Let R → S be a cyclically pure ring homomorphism between
noetherian rings of characteristic p. If S is very strongly F -regular, then so
is R.
Proof. Note that S is F -regular. So R is normal and is a pure subring of S by
Corollary 3.12. By Lemma 3.10, we may assume that R is a normal domain.
We can write S = S1×· · ·×Sr, where Si is a very strongly F -regular domain
for each i. Assume that the induced map fi : R → Si is not injective. Let
Ii = Ker fi. For m ∈ MaxR, (Ii)m 6= 0. So Rm → (Si)n cannot be injective
for any n ∈ MaxSi. By [14, (9.10)], Rm → S
′
n is pure for some maximal ideal
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n of S ′ := S1 × · · · × Si−1 × Si+1 × · · · × Sr. This shows that R→ S
′ is still
pure. Removing redundant Si, we may assume that fi is injective for each i.
Now let c ∈ R◦. Then by our additional assumption, c ∈ S◦. So c(−e)F eS
is S-pure for some e ≥ 1. As the diagram
S
c(−e)F e
S// S(−e)
R
c(−e)F eR //
OO
R(−e)
OO
is commutative, we have that c(−e)F eR is R-pure. Hence R is very strongly
F -regular.
3.15 Lemma. Let R → R′ be a homomorphism between noetherian rings
of characteristic p. Assume that the induced map SpecR′ → SpecR is an
open immersion. If R is very strongly F -regular, then R′ is very strongly
F -regular.
Proof. SpecR′ has a finite affine open covering SpecR′ =
⋃
Ui such that
Ui = SpecR[1/fi] for some fi ∈ R. Then R[1/fi] is very strongly F -regular
by Lemma 3.8. So R′′ :=
∏
iR[1/fi] is also very strongly F -regular by
Lemma 3.10. As R′′ is faithfully flat over R′, R′ is also very strongly F -
regular by Lemma 3.14.
3.16 Corollary. Let R be a noetherian ring of characteristic p, and SpecR =⋃
i SpecRi an affine open covering. Then R is very strongly F -regular if and
only if Ri is very strongly F -regular for each i.
Proof. Note that each Ri is noetherian. If R is very strongly F -regular, then
each Ri is very strongly F -regular by Lemma 3.15. Conversely, assume that
each Ri is very strongly F -regular for each i. Then we can take a finite open
subcovering SpecR =
⋃r
j=1 SpecRij . As R
′ =
∏r
j=1Rij is very strongly F -
regular by Lemma 3.10 and R′ is faithfully flat over R, R is also very strongly
F -regular by Lemma 3.14.
3.17 Lemma. Let R → S be a cyclically pure ring homomorphism between
noetherian rings of characteristic p. If S is strongly F -regular, then so is R.
Proof. Note that R is pure in S. Let m ∈ MaxR. Then there exists some
n ∈ MaxS such that n lies on m and Rm → Sn is pure, see [14, (9.10)]. As
Sn is very strongly F -regular by Lemma 3.6, Rm is very strongly F -regular
by Lemma 3.14. So R is strongly F -regular by Lemma 3.6 again.
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(3.18) Let (R,m, K) be a complete noetherian local ring with a coefficient
field K ⊂ R of characteristic p. We fix a p-base Λ of K. A subset Γ of
Λ is said to be cofinite if Λ \ Γ is a finite set. For a cofinite subset Γ of Λ
and e ≥ 0, we denote KΓe the extension field of K generated by the all p
eth
roots of elements in Γ. We define RΓe to be the completion of the noetherian
local ring KΓe ⊗K R. We denote the inductive limit lim−→e
RΓe by R
Γ. For an
R-algebra A essentially of finite type, we define AΓ := A⊗R R
Γ.
3.19 Lemma. The canonical map A→ AΓ is a faithfully flat homomorphism
with complete intersection fibers.
Proof. We may assume that A is a field. Note that R → KΓe ⊗K R is a
faithfully flat map with complete intersection fibers (to verify this, we may
assume that R = K[[x1, . . . , xn]]). As R is complete, K
Γ
e ⊗KR is a homomor-
phic image of a regular local ring, and hence the completion KΓe ⊗K R→ R
Γ
e
has complete intersection fibers.
Thus AΓ = A⊗R lim−→
RΓe
∼= lim−→
A⊗R R
Γ
e is a noetherian inductive limit of
artinian local rings and faithfully flat purely inseparable complete intersection
homomorphisms. As AΓ is noetherian, and an element of AΓ is either a unit
or nilpotent, AΓ is artinian local. The maximal ideal mΓ of AΓ is generated by
the maximal ideal mΓe of the artinian local ring A
Γ
e := A⊗RR
Γ
e for sufficiently
large e. Then AΓe is a complete intersection, and the fiber of A
Γ
e → A
Γ is a
field. So AΓ is a complete intersection, as desired.
3.20 Lemma. Set KΓ =
⋃
eK
Γ
e . Then
⋂
ΓK
Γ = K.
Proof. Note that KΓ has a basis
BΓ := {ξλ11 · · · ξ
λn
n | n ≥ 0, ξ1, . . . , ξn are distinct elements in Λ,
0 < λi < 1, λi ∈ Z[1/p]}.
Thus a linear combination of elements of BΛ lies in KΓ if and only if any
basis element with a nonzero coefficient lies in BΓ. Thus
⋂
ΓK
Γ has a basis
{1}, and hence
⋂
ΓK
Γ = K.
3.21 Lemma. Let K ⊂ L be a field extension, and {Kλ} a family of inter-
mediate fields. Assume that
⋂
λKλ = K. Let V be a K-vector space. Then⋂
λ(Kλ ⊗K V ) = V .
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Proof. Let A be a basis of V over K, and
∑
α∈A cαα be an element of L⊗K V
with cα ∈ L. It lies in Kλ⊗K V if and only if for any α, cα ∈ Kλ. So it lies in⋂
λ(Kλ⊗K V ) if and only if for any α, cα ∈ K. Thus
⋂
λ(Kλ⊗K V ) = V .
3.22 Lemma. Let (R,m) be a noetherian complete local ring of characteristic
p with a coefficient field K. Let Λ be a p-base of K. Then
⋂
ΓR
Γ = R, where
the intersection is taken over the all cofinite subsets Γ of Λ.
Proof. First consider the case that R is artinian. Then RΓe = K
Γ
e ⊗K R
(completion is unnecessary, since KΓe ⊗K R is already complete). So R
Γ =
KΓ⊗K R. So
⋂
ΓR
Γ =
⋂
Γ(K
Γ⊗K R) = R by Lemma 3.20 and Lemma 3.21.
Next consider the general case. Let a be an element of
⋂
ΓR
Γ. Then a
modulo mnRΛ lies in
⋂
Γ(R/m
n)Γ = R/mn. So a lies in lim
←−
R/mn = R.
3.23 Lemma. Let R be as above, and piΓ : SpecAΓ → SpecA be the canoni-
cal homeomorphism. Then there exists some cofinite subset Γ0 ⊂ Λ such that
for every cofinite subset Γ ⊂ Γ0, Reg(A
Γ) = (piΓ)−1(Reg(A)). Similarly for
complete intersection, Gorenstein, Cohen–Macaulay, (Si), (Ri), normal, and
reduced loci.
Proof. We prove the assertion for the regular property. Set ZΓ to be piΓ(Sing(AΓ)).
By Kunz’s theorem [24], ZΓ is closed. The set {Z
Γ | Γ : cofinite in Λ} has
a minimal element ZΓ0 . For any Γ ⊂ Γ0, SingR ⊂ Z
Γ = ZΓ0 . So it suffices
to show that ZΓ0 ⊂ SingR. Assume the contrary, and let P ∈ ZΓ0 \ SingR.
By [20, (6.13)], there exists some Γ ⊂ Γ0 such that PA
Γ is a prime and
κ(P )⊗A A
Γ is a field. As AP is regular, A
Γ
PAΓ is regular. So P /∈ Z
Γ = ZΓ0 .
A contradiction.
The assertion for (Ri) follows easily from this.
The assertions for complete intersection, Gorenstein, Cohen–Macaulay,
and (Si) properties are true for Γ = Λ, because pi
Λ is a faithfully flat homo-
morphism with complete intersection fibers by Lemma 3.19.
The normality is (R1) + (S2), and reduced property is (R0) + (S1). They
are proved easily from the assertions for (Ri) and (Si).
3.24 Lemma. Let R be as above. Let A be a field which is essentially of
finite type over R. Then
⋂
ΓA
Γ = A.
Proof. Let P be the kernel of R → A. As A is a field, P is a prime ideal.
Replacing R by R/P , we may assume that R is a domain and R → A is
injective. In view of Lemma 3.21, replacing A by the field of fractions Q(R)
of R, we may assume that A = Q(R).
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Let B be the normalization of R. Take a cofinite subset Γ0 ⊂ Λ such that
RΓ is a domain and BΓ is a normal domain for Γ ⊂ Γ0. This is possible by
[20, (6.13)] and Lemma 3.23. As Q(R) → Q(R) ⊗R B is an isomorphism,
Q(RΓ) = Q(R)⊗RR
Γ = Q(R)⊗RB
Γ. Hence RΓ → BΓ is the normalization.
In particular, Q(RΓ) = Q(BΓ) = Q(R)Γ.
Note that for Γ ⊂ Γ0, B
Γ0∩Q(RΓ) is purely inseparable, hence is integral,
over BΓ. Hence BΓ0 ∩Q(BΓ) = BΓ.
Let d ∈
⋂
ΓB
Γ. If c 6= 0 is an element of the conductor R : B, then
c ∈ RΓ : BΓ. So cd ∈
⋂
ΓR
Γ = R by Lemma 3.22. So d ∈ Q(R). As d is
integral over B and B is normal, d ∈ B. This shows that
⋂
ΓB
Γ = B.
Now let α ∈
⋂
ΓQ(R)
Γ. Then there exists some a ∈ R◦ and b ∈ RΓ0 such
that α = b/a. As α ∈
⋂
ΓQ(R)
Γ and a ∈ R◦,
b = aα ∈
⋂
Γ
(Q(R)Γ ∩RΓ0) ⊂
⋂
Γ
BΓ = B.
Hence α = b/a ∈ Q(R). So
⋂
ΓQ(R)
Γ = Q(R). This is what we wanted to
prove.
3.25 Lemma. Let (R,m) be a noetherian local ring, and M an R-module.
If SuppM = {m}, Ext1R(R/m,M) = 0, and HomR(R/m,M)
∼= R/m, then
M is isomorphic to the injective hull of R/m.
Proof. As SuppM = {m}, M is an essential extension of HomR(R/m,M) ∼=
R/m. So there is an exact sequence of the form
0→M → E → W → 0,
where E is the injective hull of R/m. As Ext1R(R/m,M) = 0, we have that
0→ HomR(R/m,M)→ HomR(R/m, E)→ HomR(R/m,W )→ 0
is exact. So HomR(R/m,W ) = 0. As SuppW ⊂ {m}, W = 0. This shows
that M ∼= E.
3.26 Lemma. Let ϕ : (R,m) → (S, n) be a local homomorphism between
noetherian local rings of characteristic p. Assume that ϕ is flat, and S/mS
is Gorenstein of dimension zero. Then
1 ER⊗R S ∼= ES, where ER and ES respectively denote the injective hulls of
the residue field of R and S.
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2 Assume further that n = mS. If c ∈ R, e ≥ 0, and c(−e)F eR : R→ R
(−e) is
R-pure, then c(−e)F eS : S → S
(−e) is S-pure.
Proof. 1 It is easy to see that SuppER ⊗R S = {n}.
There is a spectral sequence
Ep,q2 = Ext
p
S/mS(S/n,Ext
q
S(S/mS,ER ⊗R S))⇒ Ext
p+q
S (S/n, ER ⊗R S).
Note that
ExtqS(S/mS,ER ⊗R S)
∼= Ext
q
R(R/m, ER)⊗R S
∼=
{
S/mS (q = 0)
0 (q 6= 0)
.
So Ep,q2 = 0 for q 6= 0. As S/mS is the injective hull of the residue field of
S/mS, Ep,02 = 0 for p > 0, and E
0,0
2
∼= S/n. By Lemma 3.25, ER ⊗R S ∼= ES.
2 Let ξ be a generator of the socle of ER. Then ξ⊗1 ∈ ER⊗RS generates
a submodule isomorphic to R/m ⊗R S ∼= S/n. Thus ξ ⊗ 1 is a generator of
the socle of ES. Consider the commutative diagram
ER ⊗R S
1⊗c(−e)F e
S// (ER ⊗R S)⊗S S
(−e) = ER ⊗R S
(−e)
ER
ϕ
OO
1⊗c(−e)F e
R // ER ⊗R R
(−e)
1⊗ϕ(−e)
OO
.
Then ξ ∈ ER goes to a nonzero element in ER ⊗R S
(−e), since c(−e)F eR is R-
pure, and ϕ(−e) is faithfully flat. Thus the socle element ξ⊗1 ∈ ER⊗RS goes
to a nonzero element by 1⊗ c(−e)F eS. This shows that c
(−e)F eS : S → S
(−e) is
S-pure.
3.27 Lemma. Let R be an excellent local ring of characteristic p, and A an
R-algebra essentially of finite type. Let c ∈ A such that A[1/c] is regular.
If c(−e)F e : A → A(−e) is A-pure for some e ≥ 0, then A is very strongly
F -regular.
Proof. Let Rˆ be the completion of R, and Aˆ := Rˆ ⊗R A. As R is excellent,
Aˆ[1/c] is regular. Note that c(−e)F e
Aˆ
: Aˆ→ Aˆ(−e) is the composite
Aˆ
1⊗c(−e)F e
A−−−−−−→ Aˆ⊗A A
(−e) Ψe(A,Aˆ)−−−−−→ Aˆ(−e).
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As A → Aˆ is regular, this is Aˆ-pure. Replacing R by its completion Rˆ and
A by Aˆ, we may assume that R is complete local by Lemma 3.14.
Take a coefficient field K of R, fix a p-base Λ of K, and take a cofinite
subset Γ0 of Λ such that A
Γ[1/c] is regular for any cofinite subset Γ ⊂ Γ0.
For a cofinite subset Γ of Λ, let piΓ : SpecAΓ → SpecA be the canonical
map. Let W Γ be the closed subset of SpecAΓ consisting of prime ideals
P such that c(−e)F e
AΓ
P
: AΓP → (A
Γ
P )
(−e) is not AΓP -pure (it is closed, since
AΓ is F -finite by [20, (6.6), (6.8)]). Let ZΓ = piΓ(W Γ). It is easy to see
that if Γ′ ⊂ Γ, then ZΓ
′
⊂ ZΓ. Let Γ1 ⊂ Γ0 be a cofinite subset such
that ZΓ1 is minimal. We show that ZΓ1 is empty. Assume the contrary.
Then there is a prime ideal P ∈ ZΓ1 . Take Γ2 ⊂ Γ1 such that PA
Γ2 is a
prime ideal. This can be done by [20, (6.13)]. As c(−e)F eAP : AP → A
(−e)
P
is AP pure, c
(−e)F e
A
Γ2
P
: AΓ2P → (A
Γ2
P )
(−e) is AΓ2P -pure by Lemma 3.26. On
the other hand, as P ∈ ZΓ1 = ZΓ2 , PAΓ2 ∈ W Γ2. A contradiction. So
c(−e)F e
AΓ1
: AΓ1 → (AΓ1)(−e) is AΓ1-pure.
As AΓ1 is F -finite [20, (6.6), (6.8)], AΓ1 [1/c] is regular, and c(−e)F e :
AΓ1 → (AΓ1)(−e) is AΓ1-pure (in particular, c is a nonzerodivisor of AΓ1), AΓ1
is very strongly F -regular by [18, Theorem 3.3]. Since A→ AΓ1 is faithfully
flat, A is very strongly F -regular.
3.28 Lemma. Let A → B be a regular homomorphism of noetherian rings
of characteristic p. Assume that A is very strongly F -regular (resp. strongly
F -regular), and is excellent. Assume also that B is essentially of finite type
over an excellent local ring (resp. locally excellent). Then B is very strongly
F -regular (resp. strongly F -regular).
Proof. First consider the case that A is very strongly F -regular. Take c ∈ A◦
such that A[1/c] is regular. This is possible, since A is normal and excellent.
Then we can take e > 0 such that c(−e)F e : A → A(−e) is A-pure. Then
plainly, 1B⊗c
(−e)F e : B → B⊗AA
(−e) is B-pure. As Ψe : B⊗AA
(−e) → B(−e)
is faithfully flat by Radu [27] and Andre´ [2], c(−e)F eB : B → B
(−e) is B-pure.
As B[1/c] is regular, B is very strongly F -regular by Lemma 3.27.
Next consider the case that A is strongly F -regular. Take n ∈ MaxB,
and set m := A ∩ n. Then Am is very strongly F -regular by Lemma 3.6
and Lemma 3.8. By the first paragraph, Bn is very strongly F -regular. By
Lemma 3.6, B is strongly F -regular.
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For a noetherian ring A of characteristic p, set
SFR(A) := {P ∈ SpecA | AP is strongly F -regular},
NonSFR(A) := SpecA \ SFR(A).
3.29 Lemma. Let A be an F -finite noetherian ring of characteristic p. Then
SFR(A) is a Zariski open subset of SpecA.
Proof. As the reduced locus of A is open, we may assume that A is reduced.
Take c ∈ A◦ such that A[1/c] is regular. For each e ≥ 0, let Ue be the
complement of the support of the cokernel of the map
c(−e)F e : HomA(A
(−e), A)→ HomA(A,A) = A (ϕ 7→ ϕc
(−e)F e).
Then Ue is open, and SFR(A) =
⋃
e Ue is also open.
3.30 Lemma. Let (R,m) be a complete local ring with the coefficient field K,
and A an R-algebra essentially of finite type. Let Λ be a p-base of K. For a
cofinite subset Γ ⊂ Λ, let piΓ : SpecAΓ → SpecA be the canonical map. Then
there exists some cofinite subset Γ0 of Λ such that pi
Γ(SFR(AΓ)) = SFR(A)
for any cofinite subset Γ of Γ0. In particular, SFR(A) is a Zariski open subset
of SpecA.
Proof. Let ZΓ be the closed subset piΓ(NonSFR(AΓ)) of SpecA. Take Γ0
such that ZΓ0 is minimal. Then ZΓ = ZΓ0 ⊃ NonSFR(A) for any cofinite
subset Γ ⊂ Γ0. Assume that P ∈ Z
Γ0 \ NonSFR(A). By [20, (6.13)], we can
take Γ1 ⊂ Γ0 such that PA
Γ is a prime ideal for any cofinite subset Γ ⊂ Γ1.
Take c ∈ A◦P such that AP [1/c] is regular. We can take Γ ⊂ Γ1 such that
AΓP [1/c]
∼= AP [1/c]⊗R R
Γ is regular by Lemma 3.23. As AP is very strongly
F -regular, there exists some e > 0 such that c(−e)F eAP : AP → A
(−e)
P is AP -
pure. By Lemma 3.26, c(−e)F e
AΓ
P
: AΓP → (A
Γ
P )
(−e) is AΓP -pure. As A
Γ
P [1/c]
is regular, AΓP is strongly F -regular. This contradicts the choice of P . So
piΓ(SFR(AΓ)) = SFR(A) for Γ ⊂ Γ0, as desired.
Now the openness of SFR(A) follows from Lemma 3.29.
3.31 Corollary. Let A be as in Lemma 3.30. Assume that A is strongly
F -regular. Then there exists some cofinite subset Γ0 of Λ such that for any
cofinite subset Γ of Γ0, A
Γ is strongly F -regular.
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3.32 Lemma. Let ϕ : X → Y be a continuous map between topological
spaces, and Z ⊂ X a closed subset. Assume that X is a noetherian topological
space, and each irreducible closed subset of X has a generic point. If ϕ(Z)
is closed under specialization, then ϕ(Z) ⊂ Y is closed.
Proof. By assumption, there is a finite set of points C = {z1, . . . , zr} of Z
such that the closure of C is Z. As ϕ(C) ⊂ ϕ(Z) and ϕ(Z) is closed under
specialization, we have ϕ(C) =
⋃
i {ϕ(zi)} ⊂ ϕ(Z). As ϕ is continuous,
ϕ(Z) = ϕ(C¯) ⊂ ϕ(C) ⊂ ϕ(Z).
Hence ϕ(Z) = ϕ(C) is closed.
3.33 Proposition. Let R be an excellent local ring of characteristic p, and
A an R-algebra essentially of finite type. Then SFR(A) is Zariski open in
SpecA.
Let Rˆ be the completion of R, and set Aˆ := Rˆ ⊗R A. Let ρ : Spec Aˆ →
SpecA be the map associated with the base change of the completion. Let
Q be a prime ideal of Aˆ. Then AˆQ is strongly F -regular if and only if
so is Aρ(Q) by Lemma 3.17 and Lemma 3.28. Thus ρ
−1(NonSFR(A)) =
NonSFR(Aˆ). Letting X = Spec Aˆ, Y = SpecA, and Z = NonSFR(Aˆ),
ρ(Z) = ρ(ρ−1(NonSFR(A))) = NonSFR(A) is closed by Lemma 3.32, since
it is closed under specialization by Lemma 3.6.
3.34 Proposition. Let R be an excellent noetherian local ring of character-
istic p, and A an R-algebra essentially of finite type. Let c ∈ A such that
A[1/c] is strongly F -regular. If c(−e)F eA : A → A
(−e) is A-pure for some
e ≥ 0, then A is very strongly F -regular.
Proof. Let Rˆ be the completion of R, and set Aˆ := Rˆ ⊗R A. Then Aˆ[1/c] is
strongly F -regular by Lemma 3.28. Moreover, c(−e)F e
Aˆ
: Aˆ→ Aˆ(−e) is Aˆ-pure
as in the proof of Lemma 3.27. By Lemma 3.14, we may assume that R is
complete local.
Now take a coefficient field K of R, and take a p-base Λ of K. Then by
Corollary 3.31, there exists some cofinite subset Γ0 of Λ such that for each
cofinite subset Γ of Γ0, A
Γ[1/c] = A[1/c]Γ is strongly F -regular. As in the
proof of Lemma 3.27, there exists some Γ1 ⊂ Γ0 such that c
(−e)F e
AΓ1
: AΓ1 →
(AΓ1)(−e) is AΓ1-pure. As AΓ1 is F -finite, AΓ1 is very strongly F -regular by
[18, (3.3)]. By Lemma 3.14, A is very strongly F -regular.
25
3.35 Corollary. Let R be an excellent noetherian local ring of characteristic
p, and A an R-algebra essentially of finite type. Then A is very strongly
F -regular if and only if it is strongly F -regular.
Proof. By Lemma 3.8, a very strongly F -regular implies strongly F -regular.
Conversely, assume that A is strongly F -regular. Then letting c = 1,
A[1/c] is strongly F -regular, and c(0)F 0A : A→ A
(0) is A-pure, since it is the
identity map. By Lemma 3.34, A is very strongly F -regular.
3.36 Corollary. Let A be an locally excellent noetherian ring of characteris-
tic p. Let c ∈ A such that A[1/c] is strongly F -regular. If c(−e)F eA : A→ A
(−e)
is A-pure for some e ≥ 0, then A is strongly F -regular.
Proof. We may assume that A is local. Then the assertion is obvious by
Lemma 3.34.
3.37 Theorem. Let ϕ : A → B be a homomorphism of noetherian rings
of characteristic p. Assume that A is a strongly F -regular domain. Assume
that the generic fiber Q(A) ⊗A B is strongly F -regular, where Q(A) is the
field of fractions of A. If ϕ is F -pure and B is locally excellent, then B is
strongly F -regular.
Proof. Assume the contrary. Then there is a prime ideal P of B such that BP
is not strongly F -regular, but BQ is strongly F -regular for any prime ideal
Q ( P . Replacing B by BP and A by AP∩A, we may assume that (A,m) and
(B, n) are local and ϕ is local, and we may assume that NonSFR(B) = {n}.
By assumption, A 6= Q(A). So there is a nonzero element c ∈ m. Then
B[1/c] is strongly F -regular, since c ∈ n. As A is a very strongly F -regular
domain, there exists some e ≥ 0 such that c(−e)F eA : A→ A
(−e) is A-pure. As
c(−e)F eB : B → B
(−e) is the composite
B = B ⊗A A
1B⊗c
(−e)F eA−−−−−−−→ B ⊗A A
(−e) Ψe(A,B)−−−−−→ B(−e)
and Ψe(A,B) is pure, c
(−e)F eB is B-pure. By Corollary 3.36, B is strongly
F -regular. This is a contradiction.
4. Cohen–Macaulay F -injective property
(4.1) We say that a noetherian local ring (R,m) of characteristic p is
Cohen–Macaulay F -injective (CMFI for short) if R is Cohen–Macaulay, and
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the Frobenius map Hdm(R)→ H
d
m(R)⊗RR
(−e) ∼= Hd
m(−e)
(R(−e)) is injective for
some (or equivalently, any) e > 0, where d is the dimension of R. Obviously,
R is CMFI if and only if its completion is. A noetherian ring of characteristic
p is said to be CMFI if its localization at any maximal ideal is CMFI.
(4.2) Let I be an ideal of a noetherian ring R of characteristic p. The
Frobenius closure of I is defined to be
IF := {x ∈ R | xq ∈ I [q] for some q = pe},
where I [q] = I(e)R. If I = IF , then we say that I is Frobenius closed.
(4.3) Let (R,m) be a Cohen–Macaulay local ring of characteristic p with
dimension d. Take a system of parameters x1, . . . , xd of R. We see that
the local cohomology Hdm(R) is the dth cohomology group of the modified
Cˇech complex, see [3, (3.5)]. It is identified with the inductive limit of the
inductive system:
(2) R/(x1, . . . , xd)
x1···xd−−−→ R/(x21, . . . , x
2
d)
x1···xd−−−→ R/(x31, . . . , x
3
d)→ · · · ,
where a ∈ R/(xt1, . . . , x
t
d) corresponds to a/(x1 · · ·xd)
t in Hdm(R). Note that
the maps of the inductive system (2) are injective, because x1, . . . , xd is a
regular sequence. In particular, R/(xt1, . . . , x
t
d) can be identified with a sub-
module of Hdm(R).
So if R is CMFI and F : Hdm(R) → H
d
m(R) ⊗R R
(−e) is injective, then
F : R/(x1, . . . , xd)→ R/(x1, . . . , xd)⊗R R
(−e) is injective. In other words, if
x ∈ R and xq ∈ (xq1, . . . , x
q
d), then x ∈ (x1, . . . , xd).
On the other hand, in (2), the socle of R/(xt1, . . . , x
t
d) is mapped bijec-
tively onto the socle of R/(xt+11 , . . . , x
t+1
d ), since the map is injective, and
the dimensions of the socles are equal (they agree with the Cohen–Macaulay
type of R). Hence SocR/(x1, . . . , xd) → SocH
d
m(R) is isomorphic. This
shows that if F : R/(x1, . . . , xd)→ R/(x1, . . . , xd)⊗R R
(−1) is injective, then
R is CMFI. Hence we have
4.4 Lemma. Let (R,m) be a Cohen–Macaulay local ring of characteristic p.
Then the following are equivalent.
1 R is CMFI.
2 Any parameter ideal of R is Frobenius closed, where a parameter ideal
means an ideal generated by a system of parameters.
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3 For one system of parameters x1, . . . , xd of R, x ∈ R, x
p ∈ (xp1, . . . , x
p
d)
implies x ∈ (x1, . . . , xd).
This lemma is a simplified variation of [9, Proposition 2.2].
(4.5) If R is CMFI and (x1, . . . , xd) is a system of parameters of R, and
0 ≤ s ≤ d, then
(x1, . . . , xs)
F = (
⋂
is+1,...,id≥0
(x1, . . . , xs, x
is+1
s+1 , . . . , x
id
d ))
F ⊂
⋂
is+1,...,id≥0
(x1, . . . , xs, x
is+1
s+1 , . . . , x
id
d )
F =
⋂
is+1,...,id≥0
(x1, . . . , xs, x
is+1
s+1 , . . . , x
id
d ) = (x1, . . . , xs).
Thus, an ideal generated by a regular sequence of R is Frobenius closed.
4.6 Lemma. Let f : (R,m) → (S, n) be a flat local homomorphism between
noetherian local rings of characteristic p. If S is CMFI, then so is R.
Proof. As S is Cohen–Macaulay and f is flat local, R is Cohen–Macaulay.
Let x1, . . . , xd be a system of parameters of R, and set I := (x1, . . . , xd).
Then IF ⊂ (IS)F ∩ R ⊂ IS ∩ R = I, because IS is generated by a regular
sequence, and S is CMFI.
Let R be a noetherian ring of characteristic p. We define
CMFI(R) = {P ∈ SpecR | RP is CMFI}
and NonCMFI(R) := SpecR \ CMFI(R).
4.7 Lemma. Let R be a Cohen–Macaulay ring, and M a finite R-module.
Then the locus
MCM(M) := {P ∈ SpecR |MP is a maximal Cohen–Macaulay RP -module}
is a Zariski open subset of SpecR.
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Proof. Set S = R ⊕M to be the idealization of M . S is a noetherian ring
with the product (r,m)(r′, m′) = (rr′, rm′+mr′). Note that for P ∈ SpecR,
MP is maximal Cohen–Macaulay (MCM for short) if and only if SP is an
MCM R-module if and only if SP is a Cohen–Macaulay ring. Note that
pi : S → S/M = R induces a homeomorphism pi−1 : SpecR → SpecS,
and SP = Spi−1(P ). So it suffices to show that the Cohen–Macaulay locus
of the ring S is open. This is well-known, as S is finitely generated over a
Cohen–Macaulay ring, see [25, Exercise 24.2].
4.8 Lemma. Let R be an F -finite noetherian ring of characteristic p. Then
CMFI(R) is Zariski open in SpecR.
Proof. Note that R is excellent [24]. So the Cohen–Macaulay locus of R is
Zariski open by Nagata’s criterion [25]. Hence we may assume that R is
Cohen–Macaulay. Let M be the cokernel of the Frobenius map FR : R →
R(−1). Then RP is CMFI if and only ifMP is a maximal Cohen–Macaulay RP -
module [12]. So CMFI(R) = MCM(M) is Zariski open by Lemma 4.7.
4.9 Lemma. Let (R,m) be a complete noetherian local ring of characteristic
p with a coefficient field K. Let Λ be a p-base of K. Let A be an R-algebra
essentially of finite type. Then there exists some cofinite subset Γ0 of Λ
such that for any cofinite subset Γ of Γ0, pi
Γ(CMFI(AΓ)) = CMFI(A), where
piΓ : SpecAΓ → SpecA is the canonical morphism.
Proof. Set ZΓ := piΓ(NonCMFI(AΓ)). The set {ZΓ | Γ is cofinite in Λ} is a
non-empty set of closed subsets of the noetherian space SpecA. Take Γ0 so
that ZΓ0 is minimal. By Lemma 4.6, it is easy to see that ZΓ = ZΓ0 for
Γ ⊂ Γ0.
Clearly, CMFI(A) ⊃ piΓ(CMFI(AΓ0)) = SpecA \ ZΓ0 by Lemma 4.6.
Hence ZΓ0 ⊃ NonCMFI(A). So it suffices to show that ZΓ0 ⊂ NonCMFI(A).
Assume the contrary, and take P ∈ ZΓ0∩CMFI(A). We can take Γ1 ⊂ Γ0
such that PAΓ1 is a prime ideal of AΓ1 . Set d := htP , and take a parameter
ideal I = (x1, . . . , xd) of AP .
Set k := κ(P ). For Σ ⊂ Γ1,
Soc(AΣP/IA
Σ
P ) = HomAΣP (k ⊗AP A
Σ
P , AP/I ⊗AP A
Σ
P )
∼=
HomAP (k, AP/I)⊗k k
Σ = Soc(AP/I)⊗k k
Σ,
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where kΣ = k ⊗AP A
Σ
P . Thus Vk := Soc(AP/I) gives a k-structure of the
finite dimensional kΓ1-vector space V := Soc(AΓ1P /IA
Γ1
P ). For Σ ⊂ Γ1, we set
V Σ := Vk ⊗k k
Σ ∼= Soc(AΣP/IA
Σ
P ).
Now consider M := Ker(AΓ1P /IA
Γ1
P
F
−→ (AΓ1P )
(−1)/(IAΓ1P )
(−1)) and E :=
M ∩ V = SocM . For each Σ ⊂ Γ1, we set E
Σ = E ∩ V Σ. For Σ′ ⊂ Σ ⊂ Γ1,
the canonical map kΣ ⊗kΣ′ E
Σ′ → EΣ is injective, and hence dimkΣ′ E
Σ′ ≤
dimkΣ E
Σ. Take a cofinite subset Ω ⊂ Γ1 such that dimkΩ E
Ω is small as
possible. Let κ be the smallest field of definition of EΩ over k. Namely, κ is
the smallest intermediate field k ⊂ κ ⊂ kΩ such that kΩ⊗κ(E
Ω∩(Vk⊗kκ))→
EΩ is surjective, see [26, (3.10)]. Then by the choice of Ω, for any cofinite
subset Ω′ of Ω, kΩ
′
⊃ κ. Hence κ ⊂
⋂
Ω′ k
Ω′ = k by Lemma 3.24. Hence
κ = k.
As the diagram
AP/I ⊗AP A
Σ
P
F // AP/I ⊗AP (A
Σ
P )
(−1)
AP/I
 ?
OO
F // AP/I ⊗AP A
(−1)
P
 ?
OO
is commutative and the bottom F is injective by the assumption P ∈ CMFI(A),
M ∩ AP/I = 0. In particular, Ek := E
Ω ∩ Vk = 0. As k is the field of def-
inition of EΩ, EΩ = 0. This shows that F : AΩP/IA
Ω
P → (A
Ω
P )
−1/I(AΩP )
(−1)
is injective. As AΩP is Cohen–Macaulay, A
Ω
P is CMFI by Lemma 4.4. This
contradicts P ∈ ZΓ0 = ZΩ.
4.10 Corollary. Let (R,m) be a noetherian local ring of characteristic p,
and A a finite R-algebra. If A is CMFI, then there exists some faithfully flat
F -finite local R-algebra R′ such that A′ = R′ ⊗R A is CMFI.
Proof. Let Rˆ be the completion of R. Then A is a semilocal ring, and Rˆ⊗RA
is the direct product of the completions of the local rings of A at the maximal
ideals. Hence Rˆ ⊗R A is CMFI. So replacing R by Rˆ and A by Rˆ ⊗R A, we
may assume that R is complete.
Let K be a coefficient field of R, and take a p-base Λ of K. Then by
Lemma 4.9, there exists some cofinite subset Γ such that A′ = AΓ is CMFI.
4.11 Corollary. Let (R,m) be a noetherian local CMFI ring of characteristic
p. Then for any prime ideal P of R, RP is CMFI.
30
Proof. Let (R′,m′) be an F -finite CMFI local R-algebra which is faithfully
flat over R. There exists some Q ∈ SpecR′ such that Q ∩ R = P . By
Lemma 4.8, the CMFI locus of R′ is open. As m′ ∈ CMFI(R′), we have
that CMFI(R′) = SpecR′. Thus R′Q is CMFI. By Lemma 4.6, RP is also
CMFI.
4.12 Lemma. A flat module over an artinian local ring is free.
Proof. Let (R,m) be an artinian local ring, and F a flat R-module. Then by
[11, (III.2.1.8)], there is a short exact sequence
0→ P → F → G→ 0
of R-modules in which P is R-free, G is R-flat, and G/mG = 0. Then by
[11, (I.2.1.6)], G = 0.
4.13 Corollary. Let (R,m) be an artinian local ring, and f : P → F an
R-linear map between flat R-modules. If f¯ : P/mP → F/mF is injective,
then f is R-pure and Coker f is R-free.
Proof. Follows immediately by Lemma 4.12 and [11, (I.2.1.4)].
4.14 Corollary. Let (R,m) be an artinian local ring, A an R-algebra, and
M an R-flat A-module. Let (x1, . . . , xn) be a sequence in A. If (x1, . . . , xn)
is a (weak) M/mM-sequence, then (x1, . . . , xn) is a (weak) M-sequence, and
M/(x1, . . . , xn)M is R-flat.
Proof. Set M0 = M , Mi = M/(x1, . . . , xi)M , M¯ = M/mM , and M¯i =
M¯/(x1, . . . , xi)M¯ . We prove that Mi is R-flat and (x1, . . . , xi) is a weak
M-sequence by induction on i. If i = 0, then M is R-flat by assumption,
and the empty sequence is an M-sequence of length zero. If i > 0, then
Mi−1 is R-flat and (x1, . . . , xi−1) is an M-sequence by induction assumption.
As xi : M¯i−1 → M¯i−1 is an injective R-linear map, xi : Mi−1 → Mi−1 is
injective, and Mi = Mi−1/xiMi−1 is R-flat. Clearly, if M¯n 6= 0, then Mn 6= 0,
and (x1, . . . , xn) is a regular sequence.
4.15 Lemma. Let (R,m) be an artinian local ring, A an R-algebra, and
f : M → N an A-linear map between R-flat A-modules. Let x1, . . . , xn
be a sequence of elements in A, and assume that x1, . . . , xn is both a weak
M/mM-sequence and a weak N/mN-sequence. Assume that f¯n : M¯n → N¯n
is injective, where Mi := M/(x1, . . . , xi)M , Ni := N/(x1, . . . , xi)N , M¯i =
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R/m ⊗R Mi, and N¯i = R/m ⊗R Ni. Then fn : Mn → Nn is injective, and
Coker fn is R-flat.
Proof. By Corollary 4.14, Mn and Nn are R-flat. Since f¯n is injective, the
assertions follow immediately by Corollary 4.13.
The following was first proved by Aberbach–Enescu [1], see [7].
4.16 Proposition. Let ϕ : (A,m) → (B, n) be a flat local homomorphism
of noetherian local rings of characteristic p. If A is CMFI and B/mB is
geometrically CMFI over A/m (see [12, Definition 5.3]), then B is CMFI.
Proof. Clearly, B is Cohen–Macaulay. Take a system of parameters x1, . . . , xn
of A and a sequence y1, . . . , ym in n whose image in B/mB is a system of
parameters. Set I = (x1, . . . , xn)A, J = (y1, . . . , ym)B, and a = IB+J . B/J
is A-flat by [25, Corollary to (22.5)]. Since FA : A/I → A/I⊗AA
(−1) is injec-
tive by the CMFI property of A, FA : B/J ⊗A A/I → B/J ⊗A A/I ⊗A A
(−1)
is also injective. In other words, FA : B/a→ (B ⊗A A
(−1))/a(B ⊗A A
(−1)) is
injective.
Let L ⊂ κ(m)(−1) be a finite extension field of κ(m). As B/mB⊗κ(m) L is
CMFI,
F : B/(mB+J)⊗B/mBB/mB⊗κ(m)L→ B/(mB+J)⊗B/mB(B/mB⊗κ(m)L)
(−1)
is injective. Taking the inductive limit,
F : B/(mB + J)⊗B/mB B/mB ⊗κ(m) κ(m)
(−1) →
B/(mB + J)⊗B/mB (B/mB ⊗κ(m) κ(m)
(−1))(−1)
is injective. By [12, Lemma 4.1], 7,
1⊗Ψ1(κ(m), B/mB) : B/(mB + J)⊗B/mB B/mB ⊗κ(m) κ(m)
−1 →
B/(mB + J)⊗B/mB (B/mB)
−1
is injective. As B⊗AA
(−1) and B(−1) are A(−1)-flat, B/IB⊗A/I A
(−1)/IA(−1)
and B(−1)/IB(−1) are flat modules over the artinian local ring A(−1)/IA(−1).
Clearly, y1, . . . , ym is a B/mB ⊗κ(m) κ(m)
(−1)-sequence. Moreover,
A(−1)/mA(−1) → B(−1)/mB(−1)
is a flat homomorphism with anm-dimensional Cohen–Macaulay closed fiber.
AsA(−1)/mA(−1) is artinian, B(−1)/mB(−1) ism-dimensional Cohen–Macaulay.
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It is easy to see that B(−1)/(mB(−1) + JB(−1)) is artinian, so y1, . . . , ym is a
B(−1)/mB(−1)-sequence. So by Lemma 4.15,
1⊗Ψ1(A,B) : (B ⊗A A
(−1))/a(B ⊗A A
(−1))→ B(−1)/aB(−1)
is injective.
Hence 1 ⊗ FB : B/a → B
(−1)/aB(−1) is injective. By Corollary 4.4, B is
CMFI.
4.17 Corollary. Let (B, n) be a noetherian local ring of characteristic p, and
t ∈ n be a nonzerodivisor. If B/tB is CMFI, then B is CMFI.
Proof. Let A be the localization Fp[T ](T ) of the polynomial ring Fp[T ] at
the maximal ideal (T ). Then the canonical map A → B which maps T to
t is flat, as t is a nonzerodivisor. Let L be a finite extension field of Fp.
Then L is a separable extension of Fp, and hence B/tB ⊗Fp L is e´tale over
B/tB, and hence is CMFI by Proposition 4.16. Thus B/tB is geometrically
CMFI over A/tA. On the other hand, A is regular, and hence is CMFI. By
Proposition 4.16 again, B is CMFI.
4.18 Corollary. Let R be an excellent local ring of characteristic p, and
A an R-algebra essentially of finite type. Then CMFI(A) is a Zariski open
subset of SpecA.
Proof. Let Rˆ be the completion of R, and Aˆ := Rˆ⊗RA. Note that CMFI(Aˆ)
is a Zariski open subset of Spec Aˆ by Lemma 4.9 and Lemma 4.8.
Let ρ : Spec Aˆ → SpecA be the morphism associated with the base
change of the completion. Then ρ−1(NonCMFI(A)) = NonCMFI(Aˆ) by
Proposition 4.16 and Lemma 4.6. By Corollary 4.11 and Lemma 3.32,
NonCMFI(A) = ρ(NonCMFI(Aˆ)) is closed, as desired.
5. Matijevic–Roberts type theorem
(5.1) Let S be a scheme, G an S-group scheme, and X a standard G-
scheme [15, (2.18)] (that is, X is noetherian and the second projection p2 :
G×X → X is flat of finite type).
5.2 Theorem. Let y be a point of X, and Y the integral closed subscheme
of X whose generic point is y. Let η be the generic point of an irreducible
component of Y ∗, where Y ∗ is the smallest G-stable closed subscheme of X
containing Y . Assume either that the second projection p2 : G×X → X is
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smooth, or that S = Spec k with k a perfect field and G is of finite type over
S. Assume that OX,η is of characteristic p. Then OX,y is of characteristic
p. Moreover,
1 If OX,η is F -pure, then OX,y is F -pure.
2 If OX,η is excellent and strongly F -regular, then OX,y is strongly F -regular.
3 If OX,η is CMFI, then OX,y is CMFI.
Proof. We set C and D to be the class of all noetherian local rings of charac-
teristic p, and P(A,M) to be “always true” in [13, Corollary 7.6]. Then the
conditions (i) and (ii) there are satisfied, and by [13, Corollary 7.6], OX,y is
of characteristic p.
1 We set C and D to be the class of all F -pure noetherian local rings
of characteristic p, and P(A,M) to be “always true” in [13, Corollary 7.6].
Then (i) there (the smooth base change) is satisfied by Lemma 2.4, 4 and 6.
The condition (ii) (the flat descent) holds by Lemma 2.4, 5. So the assertion
follows by [13, Corollary 7.6].
2 Set C to be the class of excellent strongly F -regular noetherian lo-
cal domains of characteristic p, and D to be the class of strongly F -regular
noetherian local domains of characteristic p. Then (i) and (ii) of [13, Corol-
lary 7.6] are satisfied by Lemma 3.28 and Lemma 3.17.
3 Set C = D be the class of CMFI noetherian local rings of characteristic
p. Then (i) and (ii) of [13, Corollary 7.6] are satisfied by Proposition 4.16
and Lemma 4.6.
5.3 Corollary. Let p be a prime number, and A a Zn-graded noetherian
ring of characteristic p. Let P be a prime ideal of A, and P ∗ be the prime
ideal of A generated by the homogeneous elements of P . If AP ∗ is F -pure
(resp. excellent strongly F -regular, CMFI), then AP is F -pure (resp. strongly
F -regular, CMFI).
Proof. Let S = SpecZ, G = Gnm, and X = SpecA. If y = P , then η in
Theorem 5.2 is P ∗. The assertion follows immediately by Theorem 5.2.
5.4 Corollary. Let A be a Zn-graded noetherian ring of characteristic p.
If Am is F -pure (resp. excellent strongly F -regular, CMFI) for any maximal
graded ideals (that is, G-maximal ideals for G = Gnm (called *maximal ideal
in [3])), then A is F -pure (resp. strongly F -regular, Cohen–Macaulay F -
injective).
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Proof. Similar to [13, Corollary 7.11].
5.5 Corollary. Let A =
⊕
n≥0An be an N-graded noetherian ring of char-
acteristic p. Let t ∈ A+ :=
⊕
n>0An be a nonzerodivisor of A. If A/tA is
CMFI, then A is CMFI.
Proof. Similar to [13, Corollary 7.13].
5.6 Corollary. Let A be a ring of characteristic p, and (Fn)n≥0 a filtration of
A. That is, F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ A, 1 ∈ F0, FiFj ⊂ Fi+j, and
⋃
n≥0 Fn = A.
Set R =
⊕
n≥0 Fnt
n ⊂ A[t], and G = R/tR. If G is noetherian and Cohen–
Macaulay F -injective, then A is also noetherian and Cohen–Macaulay F -
injective.
Proof. Similar to [13, Corollary 7.14].
References
[1] I. M. Aberbach and F. Enescu, Test ideals and base change problems in
tight closure theory, Trans. Amer. Math. Soc. 355 (2002), 619–636.
[2] M. Andre´, Homomorphismes re´guliers en characteristique p, C. R. Acad.
Sci. Paris 316 (1993), 643–646.
[3] W. Bruns and J. Herzog, Cohen–Macaulay Rings, first paperback edi-
tion, Cambridge University Press (1998).
[4] T. Dumitrescu, On a theorem of N. Radu and M. Andre´, Stud. Cerc.
Mat. 46 (1994), 445–447.
[5] T. Dumitrescu, Reducedness, formal smoothness and approximation in
characteristic p, Comm. Algebra 23 (1995), 1787–1795.
[6] F. Enescu, On the behavior of F -rational rings under flat base change,
J. Algebra 233 (2000), 543–566.
[7] F. Enescu, Local cohomology and F -stability, J. Algebra 322 (2009),
3063–3077.
[8] R. Fedder, F -purity and rational singularity, Trans. Amer. Math. Soc.
278 (1983), 461–480.
35
[9] R. Fedder and K.-i. Watanabe, A characterization of F -regularity in
terms of F -purity, Commutative Algebra (Berkeley, CA, 1987), Springer
(1989), pp. 227–245.
[10] A. Grothendieck, Ele´ments de Ge´ome´trie Alge´brique IV, IHES Publ.
Math. 20 (1964), 24 (1965), 28 (1966), 32 (1967).
[11] M. Hashimoto, Auslander–Buchweitz Approximations of Equivariant
Modules, Cambridge University Press (2000).
[12] M. Hashimoto, Cohen–Macaulay F -injective homomorphisms, Geomet-
ric an Combinatorial Aspects of Commutative algebra (Messina, 1999),
J. Herzog and G. Restuccia (eds.), Dekker (2001), pp. 231–244.
[13] M. Hashimoto and M. Miyazaki, G-prime and G-primary G-ideals on
G-schemes, preprint arXiv:0906.1441
[14] M. Hashimoto and M. Ohtani, Local cohomology on diagrams of
schemes, Michigan Math. J. 57 (2008), 383–425.
[15] M. Hashimoto and M. Ohtani, Equivariant Matlis and the local duality,
J. Algebra 324 (2010), 1447–1470.
[16] M. Hochster, Cyclic purity versus purity in excellent noetherian rings,
Trans. Amer. Math. Soc. 231 (1977), 463–488.
[17] M. Hochster, Foundations of tight closure theory, available at
http://www.math.lsa.umich.edu/~hochster/mse.html (last ac-
cessed Nov. 2010).
[18] M. Hochster and C. Huneke, Tight closure and strong F -regularity,
Me´m. Soc. Math. France 38 (1989), 119–133.
[19] M. Hochster and C. Huneke, Tight closure, invariant theory, and the
Brianc¸on–Skoda theorem, J. Amer. Math. Soc. 3 (1990), 31–116.
[20] M. Hochster and C. Huneke, F -regularity, test elements, and smooth
base change, Trans. Amer. Math. Soc. 346 (1994), 1–62.
[21] M. Hochster and J. Roberts, Rings of invariants of reductive groups
acting on regular rings are Cohen–Macaulay, Adv. Math. 13 (1974),
115–175.
36
[22] M. Hochster and J. Roberts, The purity of the Frobenius and local
cohomology, Adv. Math. 21 (1976), 117–172.
[23] J. C. Jantzen, Representations of Algebraic Groups, 2nd ed., AMS
(2003).
[24] E. Kunz, On Noetherian rings of characteristic p, Amer. J. Math. 98
(1976), 999–1013.
[25] H. Matsumura, Commutative Ring Theory, First paperback edition,
Cambridge University Press (1989).
[26] M. Nagata, Theory of Commutative Fields, AMS, Providence, RI (1993).
[27] N. Radu, Une classe d’anneaux noethe´riens, Rev. Roumanie Math. Pures
Appl. 37 (1992), 78–82.
[28] K. Schwede, F -injective singularities are Du Bois, Amer. J. Math. 131
(2009), 445–473.
[29] A. Singh, F -regularity does not deform, Amer. J. Math. 121 (1999),
919–929.
[30] K.-i. Watanabe, Characterizations of singularities in characteristic 0 via
Frobenius map, Commutative Algebra, Algebraic Geometry, and Com-
putational Methods (Hanoi 1996), Springer (1999), pp. 155–169.
37
